In two very detailed, technical, and fundamental works, Jun Li constructed a theory of Gromov-Witten invariants for a singular scheme of the gluing form Y 1 ∪ D Y 2 that arises from a degeneration W/A 1 and a theory of relative Gromov-Witten invariants for a codimension-1 relative pair (Y, D). As a summit, he derived a degeneration formula that relates a finite summation of the usual Gromov-Witten invariants of a general smooth fiber W t of W/A 1 to the Gromov-Witten invariants of the singular
Introduction and outline.
Introduction.
The understanding of string world-sheet instantons, their moduli space, and the exact computation of the string correlations functions have been important problems in string theory, e.g. 
In J. Li's formula above, the left-hand side of the identity involves a summation over the curve classes represented by lattice points on a compact slice in the Mori-cone NE (W t ) (determined by the degree of a fixed relative ample line bundle H on W/A 1 ) of the usual Gromov-Witten invariants with respect to classes in A 1 (W t ) or H 2 (W t ; Z). For some new applications of J. Li's theory, one needs a similar degeneration formula whose both sides depend only on a given curve class in A 1 (W t ) or H 2 (W t ; Z), rather than on a relative ample line bundle H on W/A 1 . In the current work, for the special type of degenerations that arise from blowing up a trivial family X × A 1 over A 1 , we derive one such formula from J. Li's work: (Sec. 3: Theorem 3.3)
where Ψ X (g,k;β) (α, ζ) on the left-hand side is the usual Gromov-Witten invariants defined via the moduli stack M g,k (X, β) with β ∈ A 1 (X) or H 2 (X; Z) and the expression on the right-hand side depends only on the normal bundle N Z/X of the smooth subscheme Z ⊂ X to be blown up and the triple (g, k; β).
Convention. This work follows the notations and the terminology of [Li1] and [Li2] closely, except where confusions may occur. Other notations follow [Ha] , [Fu] , [De] , and [K-M]. All schemes are over C and all points are referred to closed points.
Outline.
1. J. Li's degeneration formula of Gromov-Witten invariants. 2. A degeneration formula with respect to a curve class.
1 J. Li's degeneration formula of GW invariants.
Since [Li1] and [Li2] are very detailed and a summary of his work is already given in [G-V: Sec. 2] with many insights, we will recall here only definitions that are most relevant and needed to the current work.
Let π : (W, W 0 ) → (A 1 , 0) be a degeneration with smooth fiber W t for t = 0 and a degenerate fiber W 0 of the gluing form (1) an ordered collection of legs, an ordered collection of weighted roots, and two weight functions on the vertex set g : respectively. Suppose that Γ 1 and Γ 2 have identical number r of roots and k 1 -many and k 2 -many legs respectively. Let k = k 1 + k 2 and I ⊂ {1, . . . , k} be a set of k 1 elements. Then (Γ 1 , Γ 2 , I) is called an admissible triple if the following conditions hold:
(1) the weights on the roots of Γ 1 and Γ 2 coincide:
(2) after connecting the i-th root of Γ 1 and the i-th root of Γ 2 for all i, the resulting new graph with k legs and no roots is connected.
Given an admissible triple η = (Γ 1 , Γ 2 , I) as above with
1 , one has the genus function
and the H-degree function
Denote by |η| the triple of integers (g(η),
On local standard charts of M(W, (g, k; d)), admissible triples η with |η| = (g, k; d) are used to encode at the topological level how a stable morphism f from a connected curve C to the degenerate fibers of
is to be realized as the gluing f 1 ⊔f 2 of relative stable morphisms f i from a possibly not connected sub-curve
Definition 4.7, Proposition 4.12, Proposition 4.13] and [Li2: Definition 3.3]. Moreover, for each such η one has a gluing morphism The obstruction theory associated to the deformation problems related to these moduli stacks are studied in [Li2: Sec. 1 and Sec. 5]. A cohomological description of the deformations of the separate constituents of a stable map and the natural clutching morphisms that relate the various separate deformation of the constituents are given there. The perfectness of the obstruction theory and hence virtual fundamental classes on the various stacks involved here: 
Here We only want to remark that Ψ
As H varies, the degeneration formula above sums over a different collection of curve classes in the Mori cone NE (W t ). For other new applications of J. Li's formula, one needs a form of the degeneration formula not with respect to H-degree d but with respect to a curve class β in A 1 (W t ) or H 2 (W t ; Z). Due to the possible monodromy effect, we do not know as yet what such a formula should look like in the most general form. But for the degeneration W → A 1 that comes from blowing up a trivial family X × A 1 , J. Li's formula can be readily modified into the desired form once one traces through the details of [Li2; Sec. 3 and Sec. 4] . We now explain this modification.
2 A degeneration formula with respect to a curve class.
Given a smooth projective variety X and a smooth subvariety Z ⊂ X, let p : W → X × A 1 be the blow-up of X × A 1 along Z × 0, where 0 is a point on A 1 . The induced map π : W → A 1 gives a degeneration of the kind discussed in [Li1] with
, and E = PN Z/X with N Z/X being the normal bundle of Z in X. We denote also the induced morphisms as p : W 0 → X, p 1 : Y 1 → X, and p 2 : Y 2 → X. Since X is projective, there exists a relative ample line bundle H on W/A 1 , which will be fixed in this section. X will be identified as a general fiber of W/A 1 as well whenever necessary. For simplicity of notations, we assume that Z is connected.
Given a triple (g,
where M(W, (g, k; β)) is the stack of stable morphisms from prestable curves of genus g with k marked points to the universal family of the stack W of expanded degenerations associated to W/A 1 such that after the post-composition with the morphisms W → X × A 1 → X, the images of the stable morphisms lie in the curve class β. Each M (W, (g, k; β) ) is a Deligne-Mumford stack as in [Li1: Theorem 3.10] . Being a union of connected components of M (W, (g, k; d) ), the deformation-obstruction theory on M(W, (g, k; β)) and M(W 0 , (g, k; β)) := M(W, (g, k; β)) × A 1 0 are the same as those in [Li2: Sec. 1]. The tangent-obstruction complex on M(W, (g, k; β)), its perfectness and its resolving locally free 2-term complex E • = [E 1 → E 2 ], the relative Kuranishi structure on E • , the associated cone class in E 2 , and the virtual fundamental class [M(W, (g, k; β))] virt defined via the cone class and Gysin pull-back via the 0-section of E 2 over M(W, (g, k; β)) are those constructed on [Li2: Sec. 1 and Sec. 2] for M(W, (g, k; d)) but restricted to its connected components that constitute M(W, (g, k; β)).
Recall the set Ω (g,k;d) of admissible triples η such that |η| = (g, k; d) and the quotient set Ω (g,k;d) reviewed in Sec. 1. For an admissible weighted graph Γ for a relative pair,
To proceed, we need to understand the Cartier divisors (L,
, which is the image of the gluing morphism Φ η associated to η. For any local chart S of M(W, (g, k; d)) (i.e. a morphism S → M(W, (g, k; d)), whose associated universal family will be denoted by f ), define
η) . (For readers not familiar with stacks, it is instructive to think of S η as the intersection of S with
, S η is anétale subscheme of S.) For S with S η empty, (L η , s η )| S is defined to be the trivial Cartier divisor (O S , 1). In general, S can be covered by localétale charts S α such that the restriction/pull-back of f on each S α is represented by a square f α :
Then f −1 α (D lα ) divides the (connected) prestable curve C α /S αη into two collections of (possibly not connected) prestable curves C α,1 /S αη and C α,2 /S αη , realizing C α /S αη as gluing of a curve of type Γ 1 and a curve of type Γ 2 along the distinguished divisors f −1 α (D lα ) now on C α,1 /S αη and C α,2 /S αη respectively. 
) is a trivial Cartier divisor as well. This implies that J. Li's results can be applied to M(W, (g, k; β)) and M(W, (g, k; d)) − M(W, (g, k; β)) respectively alone. The lemma then follows. ✷ Explicitly, ⊗ η∈Ω
This implies the following version of the degeneration formula, cf. [Li2: Theorem 3.6] and notations in Corollary 2.2 below: 
where ∆ ! is the Gysin map associated to the diagonal map ∆ : E r → E r × E r for the relevant E r in each summand.
With A 1 (X) replaced by H 2 (X; Z) in the discussion, identical degeneration formulas with respect to β ∈ H 2 (X; Z) follow. In these identities, though β and hence the left-hand side are now independent of H, Ω H (g,k;β) and hence the right-hand side may still depend on H since it is chosen as a subset of Ω (g,k;d) and the latter does depend on H. Let us now turn to this issue in Sec. 3.
In this section we discuss how to stabilize Ω H (g,k;β) that appears in the degeneration formula in Corollary 2.2 and potentially depends on the choice of a relative ample line bundle H on W/A 1 . With the same notation as in Sec. 2, every line bundle L on X induces canonically a line bundle L on X × A 1 by pulling back. Since A 1 is affine, whose coordinate ring C[t] separates points and tangent vectors, very-ampleness of L on X implies very-ampleness of L on X × A 1 . Since W is a blow-up of X × A 1 with exceptional divisor Y 2 , it follows from [Ha] 
is very ample on W (and hence π-ample).
Remark 3.1 [sufficiently very ampleness]. Let L ′ be a very ample line bundle on X. Associated to L ′ is a homogeneous coordinate ring R for X × A 1 associated to L ′ . (Or one may consider the compactification X × P 1 of X × A 1 and define L ′ to be L ′ ✷ × O P 1 (1).). Suppose that the ideal sheaf I of Z × 0 in W is (finitely) generated by homogeneous elements of R of degree ≤ a, then [C-H] 
. Let H be a relative ample line bundle on W/A 1 that is associated to a sufficiently very ample line bundle L on X as above. Then the set Ω H (g,k;β) that appears in the degeneration formula in Corollary 2.2 does not depend on L or H. Rather, it depends only on β ∈ A 1 (X) and the normal bundle N Z/X of Z in X.
Proof. Fix such an L on X, then the associated H is very ample on W . Let H 1 := H| Y 1 and H 2 := H| Y 2 . Recall the morphisms p 1 : (Y 1 , E) → (X, Z), p 2 : (Y 2 , E) → (X, Z), and p : Y 1 ∪ E Y 2 → X. We assume that Z has codimension r in X. To simplify notations, we shall not distinguish a line bundle and its associated equivalence class of Cartier divisors in our discussion. Denote by γ the line class in a P r−1 -fiber of E/Z. Then both NE (p 1 ) and NE (p 2 ) are generated by γ and R + γ is an extremal ray in both Mori cones NE (Y 1 ) and NE (Y 2 ). (Caution that E · γ = −1 as cycles in Y 1 while E · γ = +1 as cycles in Y 2 .)
Figure 3-1. The Mori cones NE (X), NE (Y 1 ), and NE (Y 2 ) in the problem, the morphisms between them, and the extremal ray R + γ associated to p i : Y 1 → X, i = 1, 2, are illustrated. Both the cross-section of the hyperplane By construction,
, where we have used the projection formula for push-pull of cycles under a proper morphism and the fact that Y 2 · γ on W is the degree of O W (Y 2 )| γ on γ and the latter bundle is isomorphic to O Y 2 /Z (−1)| γ ≃ O P 1 (−1). Together with the structure theorem of the Chow ring of projective space bundles, it follows that Let η = (Γ 1 , Γ 2 , I) ∈ Ω H (g,k;β) . Then the pairs (b(Γ 1 ), b(Γ 2 )) are characterized by the conditions:
Since when β = 0 or / ∈ NE (X), the statement in the Lemma holds vacuously, we shall assume that 0 = β ∈ NE (X) and that b(Γ i ) ∈ NE (Y i ), i = 1, 2, in the following discussion.
Let ( β 1 , β 2 ) ∈ NE (Y 1 ) Z ×NE (Y 2 ) Z be a pair of curves that satisfies the curve condition p 1 * β 1 + p 2 * β 2 = β. Consider the following cases.
Case (a) : β 1 = 0 and β 2 = 0. Then p
is a ray parallel to the extremal ray R + γ of NE (Y i ). Let β 0 i be the first (non-apex) lattice point on this ray,
These conditions on the pairs (l 1 , l 2 ) of non-negative integers are independent of L and hence H. Since the weight functions b :
, are subject only to the conditions b(Γ i ) = β i , the set of their possible choices is determined only by ( β 1 , β 2 ) and the semi-groups: NE (Y i ) Z , i = 1, 2. Again this is independent of L and hence H. The choices of weighted roots in Γ 1 and Γ 2 are only constrained by the condition: l 2 = their common total weight µ η . This is irrelevant to H as well. Finally, the choices of legs and I are irrelevant to H by nature. This concludes the discussion for Case (a).
Case (b) : β 2 = 0 or β 1 = 0. In the first situation, apply the above discussion for Y 1 , one concludes that β 1 = β 0 1 + (E · β 0 1 )γ. In the second situation, β is contained in Z and β 2 = β 0 2 . Either way, the same conclusion as in Case (a) follows. This concludes the proof. ✷ Denote the stabilized Ω H (g,k;β) by Ω (g,k;β) and its set of equivalence classes by Ω (g,k;β) . Denote with a superscript 0 for the first (non-cone-apex) lattice point of a ray in N E(Y i ) parallel to R + γ. Then the proof of Lemma 3.2 characterizes Ω (g,k;β) for 0 = β ∈ N E(X) as: (The set Ω (g,k; 0) is immediate.) (Note that in the above expression, up to the orderings of legs, the whole set in respectively line 2 and line 3 of the equation is either the empty set or a singleton.) We now summarize the discussions in Sec. 2 and Sec. 3 in the following theorem:
Theorem 3.3 [J. Li's degeneration formula refined for blow-up]. Let Z be a smooth subvariety of a smooth variety X. Consider the family W → A 1 by blowing X × A 1 along Z × 0. Let β ∈ A 1 (X) and Ψ X (g,k;β) ( · , · ) be the usual Gromov-Witten invariants of X defined via the stack M g,k (X, β) of stable maps of genus g, k marked points, and to the curve class β in X. Then, with the same notation as in Corollary 2.2, there is a canonical choice Ω (g,k;β) of a finite set of admissible triples that depends only on N Z/X , (g, k), and β ∈ A 1 (X) (more precisely, the semi-group NE (X) Z ) such that Ψ X (g,k;β) (α, ζ) = Similarly for the associated cycle form of the formula. The same statements hold with β ∈ A 1 (X) replaced by β ∈ H 2 (X; Z).
Remark 3.4 [generalization]
. The same technique and a similar statement apply also for a degeneration W → A 1 from a sequence of blow-ups of a trivial family X × A 1 and for the situation when the smooth subscheme Z ⊂ X to be blown up is disconnected, with each connected component of its own dimension. For more general degenerations, one needs to understand better the monodromy effect around a singular fiber of W/A 1 and how NE (W/A 1 ) Z behaves over A 1 .
